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Adaptive Backstepping Controller Design
for Stochastic Jump Systems
Yuanqing Xia, Mengyin Fu, Peng Shi, Zhaojing Wu, and
Jinhui Zhang
Abstract—In this technical note, we improve the results in a paper by Shi
et al., in which problems of stochastic stability and sliding mode control for
a class of linear continuous-time systems with stochastic jumps were con-
sidered. However, the system considered is switching stochastically between
different subsystems, the dynamics of the jump system can not stay on each
sliding surface of subsystems forever, therefore, it is difficult to determine
whether the closed-loop system is stochastically stable. In this technical
note, the backstepping techniques are adopted to overcome the problem in
a paper by Shi et al.. The resulting closed-loop system is bounded in prob-
ability. It has been shown that the adaptive control problem for the Mar-
kovian jump systems is solvable if a set of coupled linear matrix inequalities
(LMIs) have solutions. A numerical example is given to show the potential
of the proposed techniques.
Index Terms—Adaptive control, backstepping control, linear matrix in-
equality, Markovian jump system, stochastic stability.
I. INTRODUCTION
IT is well known that many physical systems have different struc-
tures due to random abrupt changes, which may be caused by random
failures and repairs of the components, changes in the interconnections
of subsystems, sudden environment changes, modification of the oper-
ating point of a linearized model of a nonlinear system, etc. The hybrid
systems, which involve both time-evolving and event-driven mecha-
nisms, may be employed to model the above problems. One special
class of hybrid systems is the so-called Markowina jump linear system
(MJLS). A MJLS is a hybrid one with many operation modes, and
every mode corresponds to a deterministic system. The system mode
switching is governed by a Markov process. A number of control prob-
lems related to MJLS systems has been analyzed by several authors;
see, e.g., [1]–[10] and the references therein.
Moreover, the sliding-mode control (SMC) has received relatively
a lot of attention since it has various attractive features such as fast
response, good transient performance, order-reduction and so on. In
particular, SMC laws are robust with respect to the so-called matched
uncertainty, see, e.g., [11]–[18]. Recently, the sliding mode control
is proposed to stabilize MJLS with matched uncertainties and distur-
bances [1]. However, system is switching stochastically between dif-
ferent subsystems, the dynamics of the jump systems can not stay on
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each sliding surface of subsystems forever, therefore, it can not be de-
termined whether the closed-loop system is stochastically stable. This
motivated us to study the above systems with Markovian jumps further.
In this technical note, we consider the problem of adaptive back-
stepping controller design for stochastic jump systems with matched
uncertainties and disturbances. The jumping parameters are treated as
continuous-time, discrete-state Markov process. Note that backstep-
ping method is one of the most popular techniques of nonlinear control
design [19]–[27]. In [22], the backstepping method is proposed to de-
sign a memoryless state feedback controller for a class of uncertain
time-delay systems, but it can not solve the control problem for system
with matched disturbances and Markov jumping. In this technical note,
adaptive backstepping controller for the system will be designed. Un-
known upper bounds of uncertainties and disturbances can be estimated
by adaptive control method ([28]–[30]). The above problems are solved
in terms of a finite set of coupled linear matrix inequalities (LMIs). Fi-
nally, a numerical example is included to demonstrate the effectiveness
of the theoretical results obtained.
Notations: The notation used in this technical note is quite standard.
In the sequel, the Euclidean norm is used for vectors. We use     ,
   ,     ,     and     to denote, respectively, the trans-
pose, the inverse, the eigenvalues, the trace and the induced norm of any
square matrix   . We use         to denote a symmetric
positive definite (positive semi-definite, negative, negative semi-defi-
nite) matrix   with     and     being the minimum and
maximum eigenvalues of   and  to denote the 		 identity matrix.

 denotes the space of -times continuously differentiable functions.
The Lebesgue space    consists of square-integrable functions
on the interval    equipped with the norm   .   stands for
mathematical expectation. Given a probability space     where
 is the sample space,  is the algebra of events and   is the proba-
bility measure defined on  . Sometimes, the arguments of a function
will be omitted in the analysis when no confusion can arise.
II. PROBLEM FORMULATION AND PRELIMINARIES
We consider a class of stochastic systems with Markovian jump pa-
rameters in a fixed probability space    
      	   	           
(1)
where   	  is the state vector;   	  is the control input,
 	  is the disturbance, while 
  	    is a finite-state
Markovian process having a state space  

      , generator
 	 with transition probability from mode  at time  to mode  at
time  	    	 
	  
      

	 	   if   

 	  	   if   
(2)
  

	 	
 	      	     (3)
where    and 

    .
For    	 
 , let us introduce the weak infinitesimal operator

 of the process 
      at the point 
   [31], [32]

 


	


  	

		 
	   (4)
For each possible value     	  , we will denote the system
matrices associated with mode  by
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                  
where   ,   and    are known real constant matrices of ap-
propriate dimensions which describe the nominal system.
Assumption 2.1: The matched uncertainties   	 are assumed to
satisfy the following condition
      	   
   	    (5)
where 
 and  are constants, but it may not be easily obtained due to
the complexity of the structure of the uncertainty.
Remark 2.1: The model of the form (1) is a hybrid system in which
one state 	 takes values continuously and another state  , referred to
as the mode or operating form, takes values discretely in  . This kind
of system can be used to represent many important physical systems
subject to random failures and structure changes, such as electric power
systems [33], control systems of a solar thermal central receiver [34],
communications systems [35], aircraft flight control [36], control of
nuclear power plants [37] and manufacturing systems [38], [39].
For convenience, it is assumed that
   
  
  
where      is nonsingular. Let
 	        	
 	          	       	 (6)
that is
 	 
  
     	
 	 
  
   
 	 (7)
where    is the virtual control input matrix to be determined later.
Let us recall the definition proposed in [40].
Definition 2.1: A stochastic process  	 is said to be bounded in
probability if the random variables  	 are bounded in probability
uniformly in 	, i.e.,
	

    	  	   (8)
The criterion for boundedness in probability is given as follows.
Lemma 2.1: Assume that there exists a function    and pa-
rameters    such that

     (9)
    	

   	 (10)
Then for any    and   ,  	 is bounded in probability.
Proof: By Lemma 1.4.1 of [40], from (9), it follows that
 	  	  
   	
	

   	
 

(11)
which, together with (10), means that (8) holds.
III. MAIN RESULTS
In this section, the design results of backstepping controller will be
presented.
Taking a symmetric positive-definite matrix variable    	 
     and choosing the Lyapunov function candidate as
     	  	   	 	 (12)
In order to show the stochastic stability of system, two steps will be
presented.
Step 1: To solve the virtual control      .
Letting (13) and (14), as shown at the bottom of the page.
Lemma 3.1: For given positive definite matrices   and  , if
there exist positive definite matrices    and general matrices  
such that the following coupled of set of LMIs hold for each   
        
   
   	     
	
      
   
  (15)
where                     
   
	   

   , then,        , and
the weak infinitesimal operator 
 of the process  	   	  	
at the point 	  	


  	  	         	
	  	 
        	 (16)
Proof: Taking
     	  	    	 (17)
applying (4) yields that (18), as shown at the bottom of the page. From
(6), it follows that we have (19), as shown at the bottom of the next
page, where
   
     
     
  
      
 	     
            

     
    
       
 
     
 
       
    	 (13)

    	                            (14)


  	  	         	        		   	  	  	



    	 (18)
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         
  
   

 
 
        	 
       
 (20)
Letting      , pre- and post-multiplying  by
  
  
gives
 	
  
  

  
  

       
       
(21)
where
     
           
          
    
   

 
 
    
 (22)
Letting     , and noting that (14),   	   
are equivalent (15) based on Schur complement formula. It follows
from (4) that


    
 
      
 
 
 (23)
1) Step 2: To obtain control  in the following theorem. Let
    
   

  
 
 


 

   


   

  
 

      
 
    
  
 

 (24)
Theorem 3.1: Assume the condition in Lemma 3.1 holds,
i.e., inequalities (15) have solutions    ,  
 	    ,    	    , and there exists a
constant scalar    such that the following inequalities hold
     

 
     (25)
then the following control makes the closed system is bounded in prob-
ability
    
         
(26)

 
	 
 
	 
 
	 if     
 
	 
 

	 if     
(27)
and the adaptation laws as
  	  	  (28)
	       
 
  (29)
	       
 
  (30)
where  , ,  and   are design parameters.
Proof: Let us consider the function
	 	 	   
 
    	  

 
 


 (31)
where       and      .
Upon applying (4) to (31) yields

 
  
   
     
    
    

     
    
    

 

   


    
       
        

     
   
     

 
    

 
 


 
 (32)
Based on system (1), (7), and inequality (16), it follows that we have
(33), as shown at the bottom of the page, it follows from (24) that we
get (34), also shown at the bottom of the next page.
If     ,    
   
 
 
 
    
 
    , with the
control law defined in (26) and adaptation laws defined in (29)–(30),
we have (35), as shown at the bottom of the page.
Note that for any positive scalars    and    , the
following inequalities hold:
     


   
 
    
       
 
    
     

 
   
                        
    

 
 
     
 
     
 
     
 
   
 

        
 
  (19)
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       
       
 
 
 


 
       
 
 
   

 (36)
        

 
 

 (37)
From (25), letting    	
 	   ,    	

 ,
          ,         and a constant
      
   
 and then
 
     
 	   


  

 (38)
we have (39), as shown at the bottom of the page. If     ,
with the control law defined in (26) and adaptation laws defined in
(29)–(30), we obtain (40), as shown at the bottom of the page. From
(36) and (37), we have (41), shown at the bottom of the next page.
Letting a constant           , we have (42), as
shown at the bottom of the next page. Based on inequalities (39) and
(42), we have
 
      	   	
  
	 
 	   	
 

  
	 

 	




  

      
	 

   	   	
	





    

  

  (33)
 
    	  	  	 	  	
 
 	  	  	 	  	
 
 
  	  	  	

	





    

  

  (34)
 
      	  	   	
	





  
       	
        
      
   	  	 
	



     	
              
      
    	  	 
	



     	      (35)
 
     
 	    


 


   (39)
 
   
 
 	    
 
 
    
             
  
 	     

 
 
        
  
 	     

 
 
 

 



 

      (40)
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   
           (43)
where    	, it results in
 	

   	   (44)
It follows from Lemma 2.1, we know that the solution of the closed-
loop system is bounded in probability.
Remark 3.1: Note that Theorem 3.1 provides a solution to the
problem of adaptive control for stochastic system. It is worth men-
tioning that the work conducted in this technical note is the attempt
to overcome the problem arising in the sliding mode control for
Markov jumping systems and adopt adaptive backstepping controller
for systems with Markovian jump parameters. The results obtained in
this technical note could be extended to general systems with other
forms of stochastic jumps.
IV. A NUMERICAL EXAMPLE
Let us consider the following system with generator for the Markov
process governing the mode switching being
 

 


 


For the two operating conditions (modes), the associated data is:
Mode 1

	 
   


   


 
  

   
	
	 
 
 

 

 

	  
  
  	
Mode 2
	 

 
 
 
   

  
 
   


		 
 
 

 

 


	  
  
  	
Fig. 1. States                 .
Using Theorem 3.1 and LMI tool box in Matlab, we have
 
	 

 


 

	 

 

 


 	 

 
 
	 

 


 


Then

	 
 


 
	 

 


 



Taking  
	   	    
 
  , it can be shown that

 	  
  
	. Letting   ,   ,  
,   

,   ,   
, we have the following
simulation results.
The closed-loop dynamic responses are given in
Figs. 1–3 under the following initial conditions  
      , 	   and
	  
. Fig. 1 shows that the transformed system states are
bounded in probability. Fig. 2 depicts the input control signal. The
adaptive parameters are shown in Fig. 3, it can be shown that  and
 convergent to the upper bounds of disturbances and uncertainties
  
 and   
, respectively. Moreover, it should be pointed
   
        	 	  

  



 



 






 



 (41)
   
        	 	  

  



 



   (42)
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Fig. 2. Control         .
Fig. 3. Adaptive parameters  and .
out that the Markov switching is generated on-line. From the above
figures, we can see that the proposed control methods work well.
V. CONCLUSION
In this technical note, the well-known backstepping method is used
to overcome the problem in [1]. The adaptive backstepping controller
design problem is investigated by using LMI technique and adaptive
control approach. Numerical example has been given to demonstrate
the applicability of the theoretical results obtained in this technical
note.
ACKNOWLEDGMENT
The authors would like to thank the reviewers for their very helpful
comments and suggestions which have improved the presentation of
the technical note.
REFERENCES
[1] P. Shi, Y. Xia, G.-P. Liu, and D. Rees, “On designing of sliding-mode
control for stochastic jump system,” IEEE Trans. Autom. Control, vol.
51, no. 1, pp. 97–103, Jan. 2006.
[2] E. K. Boukas and Z. Liu, Deterministic and Stochastic Time-Delay Sys-
tems. Boston, MA: Birkhauser, 2002.
[3] E. K. Boukas, P. Shi, and S. K. Nguang, “Robust  control for linear
Markovian jump systems with unknown nonlinearities,” J. Mathemat.
Anal. and Applic., vol. 282, no. 1, pp. 241–255, 2003.
[4] E. K. Boukas, Z. Liu, and P. Shi, “Delay-dependent stability and output
feedback stabilization of Markov jump systems with time-delay,” IEE-
Part D, Control Theory and Applications, vol. 149, no. 5, pp. 379–386,
2002.
[5] M. Mahmoud and P. Shi, Methodologies for Control of Jump Time-
Delay Systems. Boston, MA: Kluwer, 2003.
[6] P. Shi, E. K. Boukas, and R. K. Agarwal, “Kalman filtering for con-
tinuous-time uncertain systems with Markovian jumping parameters,”
IEEE Trans. Autom. Control, vol. 44, no. 8, pp. 1592–1597, Aug. 1999.
[7] P. Shi, E. K. Boukas, and R. K. Agarwal, “Control of Markovian jump
discrete-time systems with norm bounded uncertainty and unknown
delays,” IEEE Trans. Autom. Control, vol. 44, no. 11, pp. 2139–2144,
Nov. 1999.
[8] P. Shi and E. K. Boukas, “ control for Markovian jumping linear
systems with parametric uncertainty,” J. Optimiz. Theory and Applic.,
vol. 95, no. 1, pp. 75–99, 1997.
[9] Y. Niu, D. W. C. Ho, and X. Wang, “Sliding mode control for itô sto-
chastic systems with Markovian switching,” Automatica, vol. 43, pp.
1784–1790, 2007.
[10] J.-F. Yao and J.-G. Attali, “On stability of nonlinear AR processes with
Markov switching,” Adv. in Appl. Probab., vol. 32, no. 2, pp. 394–407,
2000.
[11] Y. Xia and Y. Jia, “Robust sliding mode control of uncertain time-delay
systems: An LMI approach,” IEEE Trans. Autom. Control, vol. 48, no.
6, pp. 1986–1092, Jun. 2003.
[12] C. Y. Chan, “Discrete adaptive sliding mode control of a class of sto-
chastic systems,” Automatica, vol. 35, no. 8, pp. 1491–1498, 1999.
[13] Y. Niu, D. W. C. Ho, and J. Lam, “Robust integral sliding mode con-
trol mode control for uncertain stochastic systems with time-varying
delay,” Automatica, vol. 41, no. 5, pp. 873–880, 2005.
[14] X. Zhong, H. Xing, and K. Fujimoto, “Sliding mode variable structure
control for uncertain stochastic systems,” Int. J. Innov. Comput., In-
form., and Control, vol. 3, pp. 397–406, 2007.
[15] X. Sun, J. Zhao, and W. Wang, “Two design schemes for robust adap-
tive control of a class of linear uncertain neutral delay systems,” Int. J.
Innov. Comput., Inform., and Control, vol. 3, pp. 385–396, 2007.
[16] Y. Xia, G.-P. Liu, P. Shi, J. Chen, and D. Rees, “Robust delay-depen-
dent sliding mode control for uncertain time-delay systems,” Int. J. Ro-
bust Nonlin. Control, vol. 18, pp. 1142–1161, 2008.
[17] Y. Xia, G.-P. Liu, P. Shi, J. Chen, D. Rees, and J. Liang, “Sliding mode
control of uncertain linear discrete time systems with input delay,” IET
Control Theory Appl., vol. 1, pp. 1169–1175, 2007.
[18] M. Ahmed, P. Zhang, and Y.-J. Wu, “Position control of synchronous
motor drive by modified adaptive two-phase sliding mode controller,”
Int. J. Autom. and Comput., vol. 5, pp. 406–412, 2008.
[19] Z. Wu, X. Xie, and S. Zhang, “Stochastic adaptive backstepping con-
troller design by introducing dynamic signal and changing supply func-
tion,” Int. J. Control, vol. 79, pp. 1635–1646, 2006.
[20] S. Tong and Y. Li, “Direct adaptive fuzzy backstepping control for a
class of nonlinear systems,” Int. J. Innov. Comput., Inform., and Con-
trol, vol. 3, pp. 887–896, 2007.
[21] Z. Wu, X. Xie, and S. Zhang, “Adaptive backstepping controller de-
sign using stochastic small-gain theorem,” Automatica, vol. 43, pp.
608–620, 2007.
[22] C. Hua, Q. Wang, and X. Guan, “Memoryless state feedback controller
design for mismatched nonlinear time delay systems,” IEEE Trans.
Autom. Control, vol. 53, no. 3, pp. 801–807, Mar. 2008.
[23] C. Hua, G. Feng, and X. Guan, “Robust controller design of a class of
nonlinear time delay systems via backstepping method,” Automatica,
vol. 44, pp. 567–573, 2008.
[24] M. Krstic´, I. Kanellakopoulos, and P. Kokotovic´, Nonlinear and Adap-
tive Control Design. New York: Wiley, 1995.
[25] M. Krstic´ and H. Deng, Stability of Nonlinear Uncertain Systems.
New York: Springer, 1998.
[26] R. Marino and P. Tomei, Nonlinear Control Design: Geometric, Adap-
tive and Robust. Englewood Cliffs, NJ: Prentice-Hall, 1995.
[27] M. Chen, C.-S. Jiang, and Q.-X. Wu, “Sensor fault diagnosis for a class
of time delay uncertain nonlinear systems using neural network,” Int.
J. Autom. and Comput., vol. 4, pp. 401–405, 2008.
[28] K. S. Narenda and J. D. Boskovic, “A combined direct, indirect, and
variable structure method for robust adaptive control,” IEEE Trans.
Autom. Control, vol. 37, no. 2, pp. 262–268, Feb. 1992.
XIA et al.: ADAPTIVE BACKSTEPPING CONTROLLER DESIGN FOR STOCHASTIC JUMP SYSTEMS 7
[29] G. Wheeler, C. Y. Su, and Y. Stepanenko, “A sliding mode controller
with improved adaptation laws for the upper bounds on the norm of
uncertainties,” Automatica, vol. 34, pp. 1657–1661, 1998.
[30] W.-S. Chen and J.-M. Li, “Adaptive output-feedback regulation for
nonlinear delayed systems using neural network,” Int. J. Autom. and
Comput., vol. 5, pp. 103–108, 2008.
[31] S. P. Meyn and R. L. Tweedie, Markov Chains and Stochastic Sta-
bility. London, U.K.: Springer-Verlag, 1993.
[32] H. J. Kushner, Stochastic Stability and Control. New York: Aca-
demic, 1967.
[33] A. S. Willsky, “A survey of design methods for failure detection in
dynamic systems,” Automatica, vol. 12, no. 5, pp. 601–611, 1976.
[34] D. D. Sworder and R. O. Rogers, “An LQ-solution to a control problem
associated with a solar thermal central receiver,” IEEE Trans. Autom.
Control, vol. AC-28, no. 8, pp. 971–978, Aug. 1983.
[35] M. Athans, “Command and control (C2) theory: A challenge to control
science,” IEEE Trans. Autom. Control, vol. AC-32, no. 4, pp. 286–293,
Apt. 1987.
[36] D. D. Moerder, N. Halyo, J. R. Broussard, and A. K. Caglayan,
“Application of precomputed control laws in a reconfigurable aircraft
flight control system,” J. Guid., Control and Dynam., vol. 12, no. 3,
pp. 325–333, 1989.
[37] D. B. Petkovski, “Multivariable control system design: A case study of
robust control of nuclear power plants,” Fault Detect. and Reliab., vol.
9, pp. 239–246, 1987.
[38] E. K. Boukas, Q. Zhang, and G. Yin, “Robust production and main-
tenance planning in stochastic manufacturing systems,” IEEE Trans.
Autom. Control, vol. 40, no. 6, pp. 1098–1102, Jun. 1995.
[39] E. K. Boukas and A. Haurie, “Manufacturing flow control and pre-
ventive maintenance: A stochastic control approach,” IEEE Trans. Au-
tomat. Control, vol. 35, no. 7, pp. 1024–1031, 1990.
[40] R. Z. Khas’minskii, Stochastic Stability of Differential Equations.
Rockville, MD: S&N International Publisher, 1980.
